The triple (X , Z, Y) of subcategories of an abelian category A is called a cotorsion triple if (X , Z) and (Z, Y) are cotorsion pairs in A. The aim of this paper is to investigate properties of cotorsion triples and give some applications on homology and homotopy theories.
Introduction
Throughout, let A be an abelian category with enough projective and injective objects. A pair (X , Y) of subcategories in A is called a cotorsion pair [18] provided that X = ⊥ Y and Y = X ⊥ , where ⊥ Y = {X | Ext two complete cotorsion pairs (A c , A f ∩A tri ) and (A c ∩A tri , A f ), where A c (resp. A f ) is a subcategory of the cofibrant (resp. fibrant) objects and A tri is a thick subcategory of the trivial objects of A. If follows from [11, Definition 3.1] that (A c , A tri , A f ) is called a Hovey triple. Conversely, there is unique model structure on A determined by a Hovey triple. A triple (X , Z, Y) of subcategories in A is called a cotorsion triple provided that both (X , Z) and (Z, Y) are cotorsion pairs; it is complete (resp., hereditary) provided that both of the two cotorsion pairs are complete (resp., hereditary). The notion of cotorsion triple was introduced recently by Chen [2] with an application to give sufficient conditions for the existence of a triangleequivalence between two homotopy categories of complexes. Note that the notion of cotorsion triple used by Beligiannis and Reiten [1] in studying torsion theories essentially means a complete cotorsion triple.
It draws our attention that what the connections between cotorsion triple and homotopy theory are. We observe that the cotorsion triple (X , Z, Y) is hereditary if and only if Z is thick. Moreover, for a hereditary cotorsion triple (X , Z, Y), we have X ∩ Z = P and Z ∩ Y = I, where P and I denote the subcategories of projective and injective objects respectively. Consequently, it follows from Hovey's correspondence that there are two model structures, called the projective and the injective model structures, on A determined by a complete and hereditary cotorsion triple (X , Z, Y) (Theorem 3.1). Furthermore, we explicitly describe the morphisms in the homotopy category Ho(A), and the equivalence of objects in the stable categories X /P and Y/I which are equivalent to Ho(A) (Propositions 3.3-3.4). We note that Beligiannis and Reiten [1] also studied the connections between cotorsion pairs and model structures. Following [1] , some results of particular interest on the triangulated structure of X /P and Y/I, and torsion pairs with respect to X /P (resp. Y/I) in the pretriangulated category A/P (resp. A/I) are presented in Proposition 3.5.
Moreover, we intend to study approximation theory and relative homological dimensions with respect to cotorsion triples. Let (X , Z, Y) be a complete and hereditary cotorsion triple in A. For any object M, we show that M ∈ X if and only if M is "projective" with respect to any left Y-approximation f : N → Y , i.e. there exists the following completed commutative diagram:
Dually, M ∈ Y if and only if M is "injective" with respect to any right X -approximation. As a direct consequence of the characterizations in term of commutative diagrams, we have that We remark that Z-projective (resp. Z-injective) dimension equals to X -resolution dimension (resp. Y-coresolution dimension) of [2] . Consequently, we show that the subcategories X and Y are "balanced" in the sense of homological dimensions, i.e. Z-pd(
The paper is organized as follows: in Section 2 we investigate some properties and relations of objects in three subcategories X , Z and Y which compose a cotorsion triple, and enumerate examples of complete and hereditary cotorsion triples. Then, homology and homotopy theories with respect to cotorsion triples are investigated. Specifically, applications of cotorsion triple in studying Quillen model structures and stable categories are given in Section 3, and we focus on studying relative homological dimension with respect to (X , Z, Y) in Section 4.
Cotorsion triples: properties and examples
In this section, we are devoted to study some properties of the subcategories which compose a cotorsion triple (X , Z, Y) in an abelian category A.
Recall that a full subcategory C is thick if it is closed under direct summands and has the two out of three property: for every exact sequence 0 → A → B → C → 0 in A with two terms in C, the third term belongs to C as well. Proof. Since (X , Z) and (Z, Y) are cotorsion pairs, it is easy to see that P ⊆ X ∩ Z. Now assume that M is any object in X ∩ Z. Consider the exact sequence 0 → K → P → M → 0, where P is projective. We have K ∈ Z by Proposition 2.1 since M and P are in Z, and then Ext 1 A (M, K) = 0. This implies that the sequence is split, and hence M is projective. Similarly, we can prove Z ∩ Y = I.
In the following, we give characterizations for objects in the subcategories X and Y of a cotorsion triple (X , Z, Y) by applying commutative diagrams. Roughly speaking, it is shown that any object in X is "projective" with respect to Y and any object in Y is "injective" with respect to X .
Recall 
where P is projective. It is easy to see that there exist homomorphisms δ : P → Y and γ : K → N such that the following diagram commutes:
Since P and L are in Z, we have K ∈ Z. Hence Ext 1 A (M, K) = 0, and it yields that for any homomorphism α : M → L, there exists a homomorphism σ : M → P such that α = πσ. Put β = δσ, then α = gβ, and this completes the proof. 
Moreover, since the right square is a pullback of g ′ and δ, we have a homomorphism β : M → Y satisfying α = gβ and β ′ = γβ.
(2)=⇒(1). Let Z be any object in Z. It suffices to prove that any extension
Moreover, we have L ∈ Z, and this implies that i : Z → I is a special left Y-approximation. By the injectivity of I, we have the following commutative diagram:
there exists a homomorphism α : M → I such that δ = pα. Note that the right square is a pullback, and then there is a homomorphism β : M → N such that α = γβ and gβ = 1 M . Hence the upper exact sequence is split as desired.
Dually, we have the following.
Lemma 2.5. Let (X , Z, Y) be a hereditary cotorsion triple and M, N be objects in
That is, we have the following completed commutative diagram: 
It is trivial that (P, A, I) is a cotorsion trip. We end this section by enumerating some examples of cotorsion triples. [20, Theorem 3.5] , which is proved in the category Ch(R) of complexes of R-modules, and is also valid in our current case).
Model structures and the stable categories
Recall that a morphism is called trivial cofibration (resp. trivial fibration) if it is both a cofibration (resp. fibration) and a weak equivalence. It follows from [13, Proposition 4.2] that the (trivial) cofibrations are precisely the monomorphisms with (trivial) cofibrant cokernels, and the (trivial) fibrations are precisely the epimorphisms with (trivial) fibrant kernels. The map f is a weak equivalence if we can factor it as f = pi, where p is a trivial fibration and i is a trivial cofibration. By Hovey's correspondence, we have the following. Theorem 3.1. Let A be a bicomplete abelian category with a complete and hereditary cotorsion triple (X , Z, Y). Then there is a model structure on A, the projective model structure, in which the subcategory of cofibrant objects is X , any object in A is fibrant, and the subcategory of trivial objects is Z. Dually, there is a model structure on A, the injective model structure, in which any object in A is cofibrant, the subcategory of fibrant objects is Y, and the subcategory of trivial objects is Z.
Proof. It follows from Proposition 2.1 that the subcategory Z is thick. By Proposition 2.2, X ∩Z equals to the subcategory of projective objects P, and then there are complete cotorsion pairs (X , A ∩ Z) and (X ∩ Z, A). Then the projective model structure on A follows immediately by Hovey's correspondence [13, Theorem 2.2] . Similarly, we have the injective model structure.
With every pointed model category A, one can associate its homotopy category Ho(A) by formally inverting the weak equivalences. The maps in Ho(A) can be considered as equivalence classes of zigzags in A of the form
in which the backward maps are weak equivalences, by an equivalence relation which can be formulated in terms of the weak equivalences [5] . In the following, we intend to give an explicit characterization for morphisms in the homotopy category Ho(A). Proof. We only prove the necessity, and the sufficiency can be obtained dually.
In the projective model structure, we can factor f as f = pi, where i : X → M is a trivial cofibration (i.e. a monomorphism with projective cokernel), and p : M → Y is a trivial fibration (i.e. an epimorphism with kernel in Z). For K = Ker(p), there exists an exact sequence
Note that Y ′ is in both Y and Z, then Y ′ is injective and hence p ′ is a trivial fibration in the injective model structure. It is easy to see that i ′ is monic. We have, from the following commutative diagram
where Coker(i) is projective and Coker(j) ∼ = Z ′ ∈ Z. Then Coker(i ′ ) ∈ Z. This implies that i ′ is a trivial cofibration in the injective model structure. Hence f is also a weak equivalent in the injective model structure.
Note that X ∈ X is a cofibrant object in the projective model structure, and Y ∈ Y is a fibrant object in the injective model structure. The lemma implies that the identity functor on A satisfies the Quillen condition (see [ Conversely, assume g − f factors through some injective object I ′ . Then the map M → I ′ extends to a map I → I ′ , so in fact g − f = tj for some t : I → Y . Then f = f + 0j and g = f + tj. Thus f and g are left homotopic.
The second statement can be proved dually by considering the projective model structure on A, and constructing the path object and right homotopy.
Let A be an additive category and C an additive subcategory. For given morphisms f, g : M → N in A, we say f is stable equivalent to g, written f ∼ g, if f − g factors through some object of C. It is well know that stable equivalence relation is an equivalence relation. Recall that the stable category A/C is a category whose objects are the same as A and whose morphisms are stable equivalence classes of A. If A is a model category, it is a known fact that the homotopy category Ho(A) is equivalent to the stable category A cf /(A cf ∩ A tri ), where A cf (resp. A tri ) denotes the subcategory of cofibrant-fibrant (resp. trivial) objects.
Consider the projective and injective model structures on A induced by a complete and hereditary cotorsion triple (X , Z, Y). Then A cf = X , A tri = Z and A cf ∩ A tri = P in the projective model structure. Dually, A cf = Y, A tri = Z and A cf ∩ A tri = I in the injective model structure. Thus the homotopy category Ho(A) is equivalent to the stable categories X /P and Y/I.
It is also useful to know when two objects become equivalent in the stable categories. Proof. Note that M and N are equivalent in the category X /P if and only if the morphism f : QM → QN is a weak equivalence with respect to the projective model structure. Factor f into a trivial cofibration f ′ : QM → L followed by a trivial fibration f ′′ : L → QN. Then f ′ is a split monomorphism with P = Coker(f ′ ) projective, and f ′′ is a split epimorphism since F = Ker(f ′′ ) ∈ Z and QN ∈ X . So QM ⊕ P ∼ = L ∼ = QN ⊕ F . Moreover, since F is in X as well, F is then projective. Note that the cofibrant replacement QM for any object M ∈ A is precisely a special right X -approximation X M of M, the desired result follows.
Similarly, we can prove the equivalence in the stable category Y/I by considering the injective model structure on A.
We end this section by present some results of particular interest on the stable category. We refer the reader to [1] for details which are beyond this paper.
Roughly speaking, a cotorsion pair is a pair of subcategories orthogonal with respect to Ext, while a torsion pair is a pair of subcategories orthogonal with respect to Hom. By [1, Definition II3.1], the pair (T , F ) of subcategories of a pretriangulated category C is called a torsion pair if: (1) Hom C (T, F ) = 0 for any T ∈ T and F ∈ F ; (2) Σ(T ) ⊆ T and Ω(F ) ⊆ F ; (3) for any C ∈ C, there are left triangle Ω(F C ) → T C → C → F C and right triangle T C → C → F C → Σ(T C ) with T C ∈ T and F C ∈ F . See details for the notions of a left (resp. right) triangulated category and a pretriangulated category in [1] and [14] .
It is a known fact that the stable category X /P is a left triangulated category, and the stable category Y/I is a right triangulated category. The following results follows directly from [ (2) There exist a torsion pair (X /P, Z/P) in the pretriangulated category A/P, and a torsion pair (Z/I, Y/I) in the pretriangulated category A/I.
It is worth noting that, by an observation of Beligiannis and Reiten ([1, Proposition 2.13]), torsion pairs and t-structures essentially coincide in triangulated categories. When R is a quasiFrobenius ring, the category of R-modules is a Frobenius category and the stable module category is triangulated, which is much studied in representation theories [12] .
Relative homological dimensions
We start by the following definition. The global C-projective (resp. C-injective) dimension C-pd(A) (resp. C-id(A)) is defined to be the supremum of the C-projective (resp. C-injective) dimension for all the objects in A.
Recall that for a contravariant subcategory X ⊆ A and an object M ∈ A, an X -resolution of M is a complex · · · → X 1
→ M → 0 with each X i ∈ X such that it is exact after applying Hom A (X, −) for each X ∈ X ; this is equivalent to that each induced homomorphism
) is a right X -approximation. We denote sometimes the X -resolution by X
• → M, where An advantage of such balanced properties is that the cohomology groups computed by Xresolution of the first variable and by Y-coresolution of the second variable are isomorphic. By [7, Theorem 8.2.14] 
Proof. Assume that
where
Since both X -resolution and Y-coresolution are unique up to homotopy by a version of comparison theorem, the functors Ext 
Now we are in a position to describe Z-projective and Z-injective dimensions by vanishing of some appropriated functors. ( Proof. We start by observing that the implications (1)⇐⇒(2), (4)=⇒(3) and (5)=⇒(4) are clear.
(3)=⇒(4). For an X -resolution · · · → X n → X n−1 → · · · → X 0 → M → 0, set M = X −1 and K i = Ker(X i−1 → X i−2 ) for i ≥ 1. Note that each short exact sequence 0 → K i+1 → X i → K i → 0 remains exact after applying Hom A (X, −) for any X ∈ X . It follows from Proposition 4.5(1) that for any object N ∈ A, This implies that the sequence is split, K n is a direct summand of X, and hence K n ∈ X as desired.
By Proposition 4.4, (3)=⇒(2), and then (2)=⇒(4) hold.
we get that K n ∈ X if and only if K ′ n ∈ X . This completes the proof.
Dually, we have the characterizations of Z-injective dimension. Recall that the X -resolution dimension X -res.dim(M) of an object M [2] is defined to be the minimal length of X -resolutions of M. By comparing Theorem 4.6 with [2, Lemma 2.4], we have Z-pd(M) = X -res.dim(M). Dually, Z-injective dimension of M equals to Y-coresolution dimension of M. It is not difficult to get the following, which implies "the balance of X and Y" in the sense of homological dimensions. (1) Z-pd(A) = Z-id(A) ≤ n.
(2) Each Z ∈ Z has projective dimension no more than n. (3) Each Z ∈ Z has injective dimension no more than n.
